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Lemma 1Let $g(x)$ be a polynomial in $\mathrm{Z}[x]$ such that
$W_{1}(g(x)):=\{\epsilon^{g(\eta)}|\epsilon\in \mathit{0}_{F}^{\mathrm{x}}\}$
is $a$ finite group. We fix a primitive polynomid $g(x)$ of minimal dwfte. Then it divides
$x^{d}-1$ for $d:=[\langle\eta\rangle : \langle\eta\rangle\cap Gal(K/F)]$.
$g(x)$ $d:=[\langle\eta\rangle : \langle\eta\rangle\cap Gal(K/F)]$
$h(x):=(x^{d}-1)/g(x)(\in \mathrm{Z}[x])$ , $\delta_{1}:=\# W_{1}(g(x))$
$K$ $\mathfrak{P}$ Robenius automorphism $((K/\mathrm{Q})/\mathfrak{P})$ $\eta$
$\mathfrak{P}$ $F$ $p$ $\eta$ ($p\{2dK$
)
Lemma 2If a prime number $p$ $(\dagger 2dK)$ corresponds to $\eta$ , then $\delta_{1}$ divides $h(p)$ .
Lemma 3Let $m$ be a natural number and $p$ a prime number corresponding to $\eta$ and we
take a prime ideal $\mathfrak{P}_{m}$ of $K_{m}$ lying above $p$ and put $\mathfrak{p}=\mathfrak{P}m\cap F$ . Then we have
$\frac{mh(p)}{\delta_{1}}|I(\mathfrak{p})\Leftrightarrow\{\begin{array}{l}m|\delta_{1}g(p)andmr_{\epsilon\equiv 1\mathrm{m}\mathrm{o}\mathrm{d}\mathfrak{P}_{m}fo\mathrm{r}^{\forall}\epsilon\in o_{F}^{\mathrm{x}}}^{1g(p)}\cdot\end{array}$
Lemma 4Let $m$ be a natural number and $\mathfrak{p}$ a prime ideal of $F$ corresponding to $\eta$ and
we take a pime ideal $\mathfrak{P}_{m}$ of $K_{m}$ lying above $\mathfrak{p}$ such that $\rho:=((K_{m}/\mathbb{Q})/\mathfrak{P}_{m})$ is identical
with $\eta$ on $K$ , and let $p$ be a prime number lying below $\mathfrak{p}$ . If $p$ \dagger $m$ moreover, then we have
$\frac{mh(p)}{\delta_{1}}|I(\mathfrak{p})\Leftrightarrow$
$mf_{\epsilon=1}^{1g(p)}$ for $\forall_{\epsilon\in \mathit{0}_{F}^{\mathrm{x}}}$ .
$\delta_{0}$
$\delta t_{\epsilon}^{1g(\rho)}=1$ for $\forall\epsilon\in o_{F}^{\mathrm{x}}$ and for $\forall\rho$




$g(x),$ $\delta_{1},$ $h(x)$ $F$ $\mathbb{Q}$ $F_{0}$
$\eta|F_{0}$ [ [ 1 $\delta_{0},$ $l(p)$
$K$
.
$K_{\eta}$ $\eta$ $K$ $m$
$H_{m}(\eta):=$ { $\rho\in Gal(K_{m}/\mathbb{Q})|\rho_{|K}=\eta$ and $m\Gamma_{\epsilon=1}^{1g(\rho)}$ for $\forall\epsilon\in \mathit{0}_{F}^{\mathrm{x}}$ }
Proposition 1Let $m$ be a natural number. Denoting a prime ideal of $F$ (resp. $K_{\eta}$ ) by
$\mathfrak{p}$ (resp. $\mathfrak{p}_{\eta}$ ) and a prime number lying below them by $p$, we have
$\#$ { $\mathfrak{p}|p\leq x,$ $p$ \dagger $2mdK,$ $mh(p)/\delta_{1}|I(\mathfrak{p})$ , and $\mathfrak{p}$ corresponds to $\eta$ }
$=$ $[\{\sigma\in Gal(K/F)|\sigma\eta=\eta\sigma\} : Gal(K/F)\cap\langle\eta\rangle]^{-1}\mathrm{x}$
$\#\{\mathfrak{p}_{\eta}|forsomeideal\mathfrak{P}_{m}ofK_{m}lyingabove\mathfrak{p}_{\eta}p\leq x,p|2mdK,and((K_{m}/K_{\eta})/\mathfrak{P}_{m})\in H_{m}(\eta)\}$ .
Chebotarev
Theorem 1Let $m$ be a natural number. Denoting a prime ideal of $F$ by $\mathfrak{p}$ and a prime
number lying below it by $p$, we have
$\#\{\mathfrak{p}|p\leq x,$ $p$ { $2mdK,$ $mh(p)/\delta_{1}|I(\mathfrak{p})$ , and $\mathfrak{p}$ corresponds to $\eta$ }
$[ \{\sigma\in Gal(K/F)|\sigma\eta=\eta\sigma\} : Gal(K/F)\cap\langle\eta\rangle]^{-1}\frac{\# H_{m}(\eta)}{[K_{m}.K_{\eta}]}.\mathrm{L}\mathrm{i}(\mathrm{x})$ .
Conjecture. Let $\delta$ be a natural number. Setting
$\kappa(\eta;\delta):=[\{\sigma\in Gal(K/F)|\sigma\eta=\eta\sigma\} : Gal(K/F)\cap\langle\eta\rangle]^{-1}\sum_{m=1}^{\infty}\frac{\mu(m)\# H_{\delta m}(\eta)}{[K_{\delta m}\cdot K_{\eta}]}.$
’
and denoting a prime number and a prime ideal of $F$ by $p,$ $\mathfrak{p}(\mathfrak{p}|p)$ we have








$[K_{m} : K]=[K_{b} : K][K_{a} : K]$ , K $K_{b}=K,$ $[K_{b} : K]=b^{r}\varphi(b)$ ,
$m=ab$ $(b, 2adK)=1$ , $r=\mathrm{d}\dot{\mathrm{m}}_{\mathrm{O}}(\mathit{0}_{K}^{\mathrm{x}}\otimes_{\mathrm{Z}}\mathbb{Q})$ $\varphi$
, $K_{a}$ $K_{b}$ $\delta=\gamma_{1}\gamma_{2}$ $(\gamma_{2},2dK)=1,$ $\gamma_{1}|(2dK)^{\infty}$
$[K_{\delta ab} : K_{\eta}]=[K_{\gamma_{1}a} : K_{\eta}][K_{\gamma_{2}b} : K],$ $\# H_{\delta ab}(\eta)=\# H_{\gamma 10}(\eta)\# H_{\gamma_{2}b}(\eta)$ ,
$[\{\sigma\in Gal(K/F)|\sigma\eta=\eta\sigma\} : Gal(K/F)\cap\langle\eta\rangle]\kappa(\eta)$




$\# H_{p}(\eta)$ $p$ $(\deg g(x))/p(p-$
1) $\kappa(\eta)$ $\epsilon_{1},$ $\epsilon_{2},$ $\cdots,$ $\epsilon_{r}$
$K$ $\{\mathrm{h}$. $=\epsilon_{1}^{\mathrm{Q}}.\cdot|1\leq i\leq R\}$ $F$ (1
) $p$ A:=(a )
$\epsilon_{1}^{\eta}$. $= \alpha:\prod_{j=1}^{r}\epsilon_{j}^{4\mathrm{j}}$
.
$\alpha$: $K$ 1 $g(x)= \sum_{\Leftarrow 0}^{\mathfrak{n}}g_{t}x^{t}$ $g_{t}$
$g_{A}(c):= \sum_{t=0}^{n}$ $\sum_{k=0}^{t-1}$ $-k-lA^{k}$
$\# H_{p}(\eta)$
$=$
$g(e) \not\equiv\infty\circ \mathrm{d}\mathrm{p}\sum_{e\mathrm{m}\mathrm{o}\mathrm{d} \mathrm{p}}\#$




$A\equiv(\begin{array}{ll}c1_{s} 00 A_{0}\end{array})\mathrm{m}\mathrm{o}\mathrm{d} p$
$s$ $c$ $A\mathrm{m}\mathrm{o}\mathrm{d} p$ $c$ $A_{0}\mathrm{m}\mathrm{o}\mathrm{d} p$
$g_{A}(c)\equiv(\begin{array}{ll}g’(c)1_{s} 00 (c-A_{0})^{-1}(g(c)-g(A_{0}))\end{array})\mathrm{m}\mathrm{o}\mathrm{d} p$
$g(x)h(x)=x^{d}-1$ $g(c)\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} p,$ $p\{d$ $g’(c)\not\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} p$
$g_{A}(c)\not\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} p$ $\# H_{p}(\eta)\leq(\deg g(x))/p(p-1)$
$\kappa(\eta;\delta)>0$
$\sum_{a|2dK}\frac{\mu(a)\# H_{\gamma_{1}a}(\eta)}{[K_{\gamma_{1}a}\cdot K_{\eta}]}.\neq 0$
$\# H_{\hat{p}}\neq[K_{\hat{p}} : K](p\{2dK)$
Theorem 2 $\kappa(\eta;\delta_{0})$ is positive.
$\delta_{0\text{ }}$ $H_{m}(\eta)$
$F$ $L$ $K$ $\mathbb{Q}$
$\rho$
$Gal(L/\mathbb{Q})$
$\eta=\rho_{|K}$ $\delta_{0}:=\delta_{0}(\rho, L/F)$ $\delta_{0}(\eta, K/F)$
ray class field $\delta_{0}h(p)/\delta_{1}$
$g(x)$ $F$ $\mathbb{Q}$ $F$
$Gal(F/\mathbb{Q})\neq\langle\eta\rangle$ $h(x)=1$ [y $h(x)=x-1$ $F$
ray class field $F$ Hilbert ($Gal(F/\mathbb{Q})\neq\langle\eta\rangle$ ) Hilbert
$\mathbb{Q}(\zeta_{p}+\zeta_{p}^{-1})$ ( $Gal(F/\mathbb{Q})=\langle\eta\rangle$ ) ( $\delta_{0},$ $\delta_{1}$ )
$(+\mathrm{T}\mathrm{h}.2)$
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